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THE DIMENSION OF THE HILBERT SCHEME OF
SPECIAL THREEFOLDS
GIAN MARIO BESANA AND MARIA LUCIA FANIA
Abstract. The Hilbert scheme of 3-folds in Pn, n ≥ 6, that are scrolls
over P2 or over a smooth quadric surface Q ⊂ P3 or that are quadric or
cubic fibrations over P1 is studied. All known such threefolds of degree
7 ≤ d ≤ 11 are shown to correspond to smooth points of an irreducible
component of their Hilbert scheme, whose dimension is computed.
1. introduction
The classification of complex projective manifolds of low degree, extend-
ing the classical works of Weil, [32], and Swinnerton Dyer, [31], has been
conducted in the recent past as a three-step process. Maximal lists of possi-
ble manifolds are first compiled, according to the admissible values of their
numerical invariants. The second step deals with establishing the actual
existence of manifolds in the lists, looking for effective constructions of ex-
plicit examples. Finally, the Hilbert scheme of existing manifolds with given
Hilbert polynomial is investigated.
The first step of the program has seen over the years the successful work
of several authors. Manifolds of degree up to eight have been classified
by Ionescu, [20], [22], [21], Okonek, [25], [26], Abo, Decker and Sasakura,
[1]. Other authors have considered the special case of manifolds of fixed
low codimension. Beltrametti, Schneider and Sommese, [2], [3], Ottaviani,
[29], Braun, Ottaviani, Schneider and Schreyer, [8], classified 3-folds in P5
of degree up to twelve, and recently Bertolini, [5], classified 3-folds of degree
twelve in P6. The classification of manifolds of dimension n ≥ 3, regardless
of the codimension, of degree nine and ten was accomplished by Fania and
Livorni, [14], [15], while Besana and Biancofiore, [6], considered the case of
degree eleven.
Many of the authors cited above also dealt with the issue of the actual
existence of the classified manifolds, although open questions still remain
1991 Mathematics Subject Classification. Primary 14J30,14M07,14N25; Secondary
14N30.
Partially supported by MIUR of the Italian Government in the framework of the Na-
tional Research Project (Cofin 2002) Geometria sulle Varieta` Algebriche.
The material in this paper is, in part, based upon work supported by the National Science
Foundation (NSF) under Grant No. 0125068. Any opinions, findings and conclusions or
recommendations expressed in this material are those of the authors and do not necessarily
reflect the views of the NSF.
1
2 GIAN MARIO BESANA AND MARIA LUCIA FANIA
in this arena. Further contributions to this second step of the program can
also be found in works of Okonek, [27], and Biancofiore and Fania, [7].
As to the Hilbert schemes, general results are known only for fixed low
codimension. In codimension two Ellingsrud, [12], considered arithmetically
Cohen Macaulay varieties regardless of their degree, Ionescu dealt with such
cases among the manifolds in [22], while the Hilbert scheme of a special class
of 3-folds in P5 was studied by Fania and Mezzetti, [16]. General results in
codimension two are also due to M.C. Chang, [9], [10].
In codimension 3, Kleppe and Miro´-Roig, [24], computed the dimension
of the open subset of the Hilbert scheme of arithmetically Gorenstein closed
subschemes, independently of their degree, while Kleppe, Migliore, Miro´-
Roig, Nagel and Peterson, [23], dealt with good determinantal subschemes.
In this paper, four classes of 3-folds in Pn with n ≥ 6 are considered.
Precisely we deal with 3-folds which are scrolls over P2 or over a smooth
quadric surface Q and 3-folds which are quadric or cubic fibrations over P1.
Their geometric special structure is exploited in order to find mild conditions
guaranteeing that these manifolds are unobstructed and their Hilbert scheme
has an irreducible component which is smooth at the point corresponding
to the given variety. Explicit formulas to compute the dimension of such
components are given.
All manifolds in the above classes, of degree 7 ≤ d ≤ 11, and known
to exist, are shown to be unobstructed. The dimension of an irreducible
component of their Hilbert scheme is computed. In some cases, a dense
open subset of such an irreducible component of the Hilbert scheme is shown
to be the locus of good determinantal subschemes with the given Hilbert
polynomial (see Section 5 for definitions).
The paper is structured as follows: in Section 2 we collect all the neces-
sary notation and background material, including the fundamental theorem
of Grothendieck on the existence of the Hilbert scheme; in Section 3 un-
obstruction results for scrolls over P2 and Q are presented; Section 4 is
devoted to the same results for quadric and cubic fibrations over P1; Section
5 explores the connections with results on unobstructed good determinantal
subschemes presented in [23].
2. Notation and Preliminaries
In this section notation is fixed and definitions and results which will be
used throughout the paper are recalled.
Let X be a complex projective manifold of dimension 3, 3-fold for short,
and let L be a very ample line bundle on X. Projective properties of (X,L)
are always referred to the embedding X ⊂ Pn given by the complete linear
system associated with L. Therefore our 3-folds are always linearly normal.
We denote by S and C, respectively, a smooth surface and curve, obtained
as transverse intersection of X with respectively 1 and 2 general elements of
|L|. For any coherent sheaf F on X, hi(X,F) is the complex dimension of
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H i(X,F). When the ambient variety is understood, we often write H i(F)
and hi(F) respectively for H i(X,F) and hi(X,F). The following notation
will be used throughout this work.
χ(L) =
∑
(−1)ihi(L), the Euler characteristic of L;
L|Y the restriction of L to a subvariety Y ;
KX the canonical bundle of X. When the context is clear, X may
be dropped;
q(S) = h1(OS), the irregularity of S;
pg(S) = h
0(KS), the geometric genus of S;
ci = ci(X), the i
th Chern class of X;
d = degX = L3, the degree of X in the embedding given by L;
g = g(X), the sectional genus of (X,L) defined by 2g − 2 = (K +
2L)L2;
Q, a smooth quadric hypersurface embedded in P3;
⌈x⌉, the ceiling of a real number x, i.e. the smallest integer greater
than, or equal to, x.
Cartier divisors, their associated line bundles and the invertible sheaves
of their holomorphic sections are used with no distinction. Mostly additive
notation is used for their group. Multiplicative notation (juxtaposition) will
be used for intersection of cycles and Chern classes.
Definition 2.1. A pair (X,L), where L is an ample line bundle on a 3-
fold X, is a scroll, or a hyperquadric fibration, or a Del Pezzo fibration
over a normal variety Y if there exist an ample line bundle M on Y and
a surjective morphism ϕ : X → Y with connected fibers such that KX +
(4 − dimY )L = ϕ∗(M) or, respectively, KX + (3 − dimY )L = ϕ
∗(M) or
KX + (2− dimY )L = ϕ
∗(M).
Remark 2.2. Let (X,L) be a scroll over a surface Y. Then, see [4] 14.1.3,
X ∼= P(E), where E = ϕ∗(L) and L is the tautological line bundle on P(E).
It is known, see for example [4] Section 11.1, that S is the blow up of Y at
c2(E) points, χ(OY ) = χ(OS) and d = c
2
1(E)− c2(E).
Remark 2.3. Let (X,L) be a 3-dimensional manifold which is either a
hyperquadric fibration or a Del Pezzo fibration of fiber degree 3 over P1,
ϕ : X → P1, which is embedded by |L| in Pn. Let F ∈ |ϕ∗(OP1(1))| be a
fiber of ϕ, then L2F = α = 2, 3, respectively. As L is very ample, [20],[17]
and [11] show that there is a rank 4 vector bundle over P1, E = ϕ∗(L) =
OP1(a4) ⊕ · · · ⊕ OP1(a1) and an embedding ι : X → P(E), such that L =
ι∗(OP(E)(1)). Note that X is a divisor on P(E) and X ∈ |OP(E)(α)+ρ
∗OP1(b)|
where ρ : P(E)→ P1 is the projection map. Let e = deg E , then{
d = αe+ b
2g − 2 = α(e+ b− 2) + (α− 2)d
or
{
b = d−dα+2g−2+2α
α−1
e = −2(g−1+α−dα+d)
α(α−1)
(1)
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2.1. The Hilbert Scheme. The existence of the Hilbert scheme for closed
subschemes of Pn with given Hilbert polynomial was established by Grothendieck,
[18]. The following formulation of his basic result is due to Sommese, [30].
Proposition 2.4 ([18], [30]). Let Z be a smooth connected projective variety.
Let X be a connected submanifold of Z with H1(X,N) = 0 where N is the
normal bundle of X. Then there exist irreducible projective varieties Y and
H with the following properties:
(i) Y ⊂ H×Z and the map p : Y → H induced by the product projection
is a flat surjection,
(ii) there is a smooth point x ∈ H with p of maximal rank in a neighbor-
hood of p−1(x),
(iii) q identifies p−1(x) with X where q : Y → Z is the map induced by
the product projection, and
(iv) H0(N) is naturally identified with TH,x where TH,x is the Zariski
tangent space of H at x.
3. Hilbert scheme of 3-dimensional scrolls over P2 or Q
Let (X,L) = (P(E),OP(E)(1)) be a smooth 3-fold of sectional genus g
and degree d which is a scroll over P2, as in Definition 2.1 and Remark 2.2.
Let X be embedded by |L| in Pn. The following proposition shows that,
under mild conditions on the embedding and on the splitting type of E , X
is unobstructed.
Proposition 3.1. Let (X,L) = (P(E),OP(E)(1)) be a 3-dimensional scroll
over P2 of degree d and sectional genus g. Let X be embedded by |L| in Pn.
Let c1(E) = OP2(e1), e2 = c2(E). Assume:
i) H1(X,L) = 0;
ii) there exists a line ℓ ⊂ P2 such that E|ℓ = OP1(a)⊕OP1(e1 − a) where
e1
2 ≤ a ≤
e1
2 + 1.
Then the Hilbert scheme of X has an irreducible component, H, which is
smooth at the point representing X and
dimH = (d+ 2)(n − 3) +
3e1
2
(n+ 1)−
e21
2
(n− 5)− 4
Proof. Let N denote the normal bundle of X in Pn. The statement will
follow from Proposition 2.4 by showing that H1(X,N) = 0 and conducting
an explicit computation of h0(X,N). Let
0 −→ OX −→ OX(1)
⊕(n+1) −→ TPn|X −→ 0(2)
be the Euler sequence on Pn restricted to X. As (X,L) is a scroll over P2,
H i(X,OX ) = H
i(P2,OP2) = 0, for i ≥ 1.(3)
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Let S ∈ |L| and C ∈ |LS | be a general surface and curve section. From their
structure sequences, noting that S is rational, it follows that
H2(X,L) = H3(X,L) = 0.(4)
Because H1(X,L) = 0 by assumption, from (3), (4) and the cohomology se-
quence associated to (2) it follows thatH i(X,TPn|X) = 0 for i ≥ 1. Therefore
the exact sequence
0 −→ TX −→ TPn|X −→ N −→ 0(5)
gives
H i(X,N) = H i+1(X,TX) for i ≥ 1.(6)
In particularH3(X,N) = 0 for dimension reasons. To computeHj(X,TX ), j =
2, 3, let ϕ : P(E) −→ P2 be the scroll map, and consider the relative cotan-
gent bundle sequence:
0→ ϕ∗(Ω1
P2
)→ Ω1X → Ω
1
X|P2 −→ 0.(7)
From (7) and the Whitney sum one obtains
c1(Ω
1
X) = c1(ϕ
∗(Ω1
P2
)) + c1(Ω
1
X|P2)
and thus
Ω1X|P2 = KX + ϕ
∗(OP2(3)).
The adjunction theoretic characterization of the scroll then gives
Ω1X|P2 = KX + ϕ
∗(OP2(3)) = −2L+ ϕ
∗(OP2(e1))
that, combined with the dual of (7), gives
0→ 2L− ϕ∗(OP2(e1))→ TX → ϕ
∗(TP2)→ 0.(8)
As the cohomology of ϕ∗(TP2) is easily computed, we devote our attention
to the cohomology of 2L−ϕ∗(OP2(e1)). Noticing that R
iϕ∗(2L) = 0 for i ≥ 1
(see [19], pg 253), projection formula and Leray’s spectral sequence give
H i(X, 2L − ϕ∗(OP2(e1))) ∼= H
i(P2, S2E ⊗ OP2(−e1)).
Therefore
(9) H3(X, 2L − ϕ∗(OP2(e1))) = 0
for dimension reasons.
Let ℓ be a line in P2 as in assumption ii).
It is
(E ⊗ E)|ℓ = OP1(2a)⊕OP1(2(e1 − a))⊕OP1(e1)⊕OP1(e1).
As det(E) = OP2(e1) and E ⊗ E = det(E) ⊕ S
2E it follows that
(10) S2E|ℓ = OP1(2a)⊕OP1(2(e1 − a))⊕OP1(e1).
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Tensoring the structure sequence of ℓ on P2 with S2E ⊗ OP2(t) gives
(11) 0→ S2E(t− 1) −→ S2E(t)→ (S2E ⊗ OP2(t))|ℓ → 0
where
(12) (S2E ⊗ OP2(t))|ℓ = OP1(2a+ t)⊕OP1(2(e1 − a) + t)⊕OP1(e1 + t).
Because a ≥ e12 one can see that the minimum of the integers 2a, 2(e1−a), e1
is 2(e1 − a).
The cohomology sequence associated with (11) then gives
H2(S2E(t− 1)) = H2(S2E(t)) ∀ t ≥ 2(a− e1)− 1.
Thus
H2(S2E(2(a−e1)−2)) = H
2(S2E(2(a−e1)−1)) = · · · = H
2(S2E(s)) = . . . .
Therefore Serre’s vanishing theorem gives
H2(S2E(s)) = 0, for all s ≥ 2(a− e1)− 2.
In particular H2(S2E(−e1)) = 0 because of our assumption a ≤
e1
2 + 1, and
thus, from the cohomology sequence associated to (8),(9), and dimension
reasons, it follows that H2(X,TX ) = H
2(P2, f∗TP2) and H
3(X,TX) = 0. On
the other hand, by Leray spectral sequence,
H2(P2, ϕ∗TP2) = H
2(P2, TP2) = 0.
Hence H i(X,TX ) = 0, i = 2, 3 and thus, by (6),
H i(X,N) = 0 i = 1, 2, 3.
According to Proposition 2.4, there exists an irreducible componentH of the
Hilbert scheme of X ⊂ Pn. The dimension of H, by Proposition 2.4, (iv),
will be given by h0(X,N) = χ(N). The Hirzebruch-Riemann-Roch theorem
gives
χ(N) =
1
6
(n31 − 3n1n2 + 3n3) +
1
4
c1(n
2
1 − 2n2) +
1
12
(c21 + c2)n1(13)
+(n− 3)χ(OX )
where ni = ci(N), and ci = ci(X).
Chern classes of N can be obtained from (5):
n1 =K + (n+ 1)L;
(14)
n2 =
1
2
n(n+ 1)L2 + (n+ 1)LK +K2 − c2;
n3 =
1
6
(n− 1)n(n + 1)L3 +
1
2
n(n+ 1)KL2 + (n+ 1)K2L− (n+ 1)c2L
− 2c2K +K
3 − c3.
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The numerical invariants of X can be easily computed:
KL2 = −2d+ e21 − 3e1; K
2L = 4d− 3e21 + 6e1 + 9;
c2L = 3e1 + 3; K
3 = −8d+ 6e21 − 54;
−Kc2 = 24; c3 = 6.
Plugging these in (14) and the results in (13) one gets
χ(N) = −10 +
3
2
e1 − 3d+
5
2
e21 + 2n +
3
2
ne1 + dn −
1
2
ne21.

Let (X,L) = (P(E),OP(E)(1)) be a smooth 3-fold of sectional genus g
and degree d which is a scroll over a smooth quadric surface Q ⊂ P3, as
in Definition 2.1 and Remark 2.2. Let X be embedded by |L| in Pn. The
following proposition shows that, under mild conditions on the embedding
and on the splitting type of E , X is unobstructed.
Proposition 3.2. Let (X,L) = (P(E),OP(E)(1)) be a 3-dimensional scroll
over Q of degree d and sectional genus g. Let X be embedded by |L| in Pn
and let c1(E) = OQ(e11, e12), c2(E) = e2. Assume:
i) H1(X,L) = 0;
ii) there exists a line ℓ1 ∈ |O(1, 0)| and a line ℓ2 ∈ |O(0, 1)| such that:
E|ℓ1 = OP1(⌈
e12
2 ⌉)⊕OP1(e12 − ⌈
e12
2 ⌉),
E|ℓ2
= OP1(⌈
e11
2 ⌉)⊕OP1(e11 − ⌈
e11
2 ⌉).
Then the Hilbert scheme of X has an irreducible component, H, which is
smooth at the point representing X and
dimH = (d+ 2)(n − 3) + (e11 + e12)(n+ 1)− e11e12(n− 5)− 2.
Proof. The proof proceeds exactly as in Proposition 3.1. Letting N denote
the normal bundle of X in Pn, the computation of H i(N) relies this time on
H i(Q, S2E ⊗ OQ(−e11,−e12)).
Let ℓ1 and ℓ2 be lines in |OQ(1, 0)| and |OQ(0, 1)|, respectively.
We can assume that E|ℓ1 = Oℓ1(a) ⊕ Oℓ1(e12 − a) and E|ℓ2 = Oℓ2(b) ⊕
Oℓ2(e11 − b) with a ≥
e12
2 and b ≥
e11
2 .
Tensoring the structure sequences of ℓ1 and ℓ2 on Q by S
2E(t− e, t− 1)
and S2E(t− e− 1, t) respectively, where e = e11 − e12, we get:
0→ S2E(t− e− 1, t− 1)→ S2E(t− e, t− 1)→(15)
Oℓ1(2a+ t− 1)⊕Oℓ1(e12 + t− 1)⊕Oℓ1(2(e12 − a) + t− 1)→ 0,
0→ S2E(t− e− 1, t− 1)→ S2E(t− e− 1, t)→(16)
Oℓ2(2b+ t− e− 1)⊕Oℓ2(e11 + t− e− 1)⊕Oℓ2(2(e11 − b) + t− e− 1)→ 0.
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Assume
(17) 2(e12 − a) + t− 1 ≥ −1,
that is t ≥ 2(a− e12) = 2(a− e11 + e), and assume
(18) 2(e11 − b) + t− e− 1 ≥ −1,
that is t ≥ 2(b − e11) + e. Then the cohomology sequences associated with
(15) and (16) give
(19) H2(S2E(t−e, t−1)) = H2(S2E(t−e−1, t−1)) = H2(S2E(t−e−1, t)).
Tensoring now the structure sequence of ℓ1 with S
2E(t− e, t) one gets:
0 −→ S2E(t− e− 1, t) −→ S2E(t− e, t) −→ Oℓ1(2a+ t)⊕(20)
⊕Oℓ1(e12 + t)⊕Oℓ1(2(e12 − a) + t) −→ 0
From (17) it follows:
(21) H2(S2E(t− e, t)) = H2(S2E(t− e− 1, t)).
Thus, under assumptions (17) and (18), from (19) and (21), it follows that
H2(S2E(t− e, t)) = H2(S2E(t− e− 1, t− 1)),
thus by Serre’s vanishing theorem, under the same assumptions,
H2(S2E(t− e− 1, t− 1)) = 0.
To obtain the desired vanishing H2(S2E(−e11,−e12)) = 0 the following
conditions need to be satisfied:
(a) 2(a− e12)− e− 1 ≤ −e11;
(b) 2(b− e11) + e− 1 ≤ −e12.
Condition (a) along with the fact that a ≥ e122 gives a = ⌈
e12
2 ⌉. Analo-
gously, condition (b) gives b = ⌈e112 ⌉.
Similarly to the proof of Proposition 3.1 we get H i(X,TX ) = 0 for i = 2, 3,
thus by (6)
H i(X,N) = 0 i = 1, 2, 3,
and therefore, by Proposition 2.4, we have established the existence of an
irreducible component H of the Hilbert scheme of X ⊂ Pn.
The dimension of H, as in Proposition 3.1, is obtained via Hirzebruch-
Riemann-Roch theorem, using (5) to compute the Chern classes of N.
Let us now consider the numerical invariants of X. Let Hi = ϕ
∗(ℓi) and
let F denote a fiber of ϕ. One can easily obtain the following relations in
the cohomology ring of X = P(E) :
L3 = d; L2H1 = e12; L
2H2 = e11; H
3
1 = H
3
2 = 0;(22)
L2F = 1; LH1H2 = 1; H1F = H2F = 0; LH
2
1 = LH
2
2 = 0.
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Using (22) we get:
KL2 = −2d+ 2(e11e12 − e11 − e12); c2L = 2(e11 + e12) + 4;
K2L = 4d+ 4(e11 + e12)− 6e11e12 + 8; K
3 = −8d+ 12e11e12 − 48;
−Kc2 = 24;
and thus, recalling that c3 = 8,
h0(X,N) = χ(N) = n(d+2+e11+e12−e11e12)−8−3d+e11+e12+5e11e12.

As a Corollary to Proposition 3.1 we show that all the known 3-folds
scrolls over P2 of degree 7 ≤ d ≤ 12 are unobstructed and we compute the
dimension of the irreducible component of the Hilbert scheme to which they
belong. Note that no such varieties exist for d ≤ 6.
Corollary 3.3. Let (X,L) = (P(E),OP(E)(1)) be a 3-dimensional scroll over
P
2. Let X be embedded by |L| in Pn, with degree d and sectional genus g as
in the table below. Then the Hilbert scheme of X ⊂ Pn has an irreducible
component, H, which is smooth at the point representing X and of dimension
as in the rightmost column of the table.
d g n c1(E) c2(E) Reference dimH
7 3 6 4 9 [22] Prop. 1.3 57
8 3 7 4 8 [22] Prop. 1.3 68
9 3 8 4 7 [22] Prop. 1.3, 81
[14] Prop. 3.1 and Remark 3.2
10 3 9 4 6 [22] Prop. 1.3, 96
[15] Prop. 3.4
10 6 6 5 15 [15] Remark 5.3 72
12 3 11 4 4 [20] Prop. 4.7 132
Proof. We will show that for all the cases in the above table, the hypothesis
of Proposition 3.1 are satisfied. The structure sequences of a general surface
section S and curve section C tensored with L and L|S respectively, give
(23) h0(L)− h1(L) = 3 + d− g.
On the other hand, h0(L) = n+ 1 and thus
(24) h1(L) = n− 2− d+ g.
A simple check gives h1(L) = 0 for all the cases in the above table.
To establish the existence of a line ℓ as in hypothesis ii) of Proposition
3.1 we first consider the cases in the above table with c1(E) = 4. As E
is ample, the generic splitting type of E is then either OP1(2) ⊕ OP1(2) or
OP1(3) ⊕OP1(1). In both cases, a generic line ℓ satisfies hypothesis ii).
In the case with c1(E) = 5 the possible splitting types are OP1(3)⊕OP1(2)
or OP1(4) ⊕ OP1(1). If the generic splitting type is OP1(3) ⊕ OP1(2), then
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hypothesis ii) is satisfied for a generic line ℓ. If the generic splitting type is
OP1(4) ⊕ OP1(1), then E must be uniform. If not, there should exist a line
on which E jumps, i.e. on which it splits as OP1(a) ⊕ OP1(b), a ≥ b, with
(4, 1) ≤ (a, b), lexicographically, see [28, p.29]; this is impossible as the only
other admissible splitting type for E is OP1(3)⊕OP1(2), being E ample, and
(3, 2) ≤ (4, 1), lexicographically.
Uniform 2-bundles on P2 either split or are of the form TP2(t), see [28,
Theorem 2.2.2, p. 211]. Both cases are ruled out as c1(E) = 5 and c2(E) =
15.
By Proposition 3.1 there exists an irreducible component H of the Hilbert
scheme of X ⊂ Pn whose dimension can now be easily computed. 
Remark 3.4. The 3-dimensional scrolls over P2 of degree 11 whose invari-
ants are the following:
d g n c1(E) c2(E) Reference dimH
11 3 10 4 5 [6] Prop. 4.2.2 113
11 6 7 5 14 [6] Prop. 5.2.3 83
also satisfy the hypothesis of Proposition 3.1. Unfortunately the existence
of these scrolls is not known as yet.
As a Corollary to Proposition 3.2 we show that all the known 3-folds
scrolls over Q of degree 8 ≤ d ≤ 11 are unobstructed and we compute the
dimension of the irreducible component of the Hilbert scheme to which they
belong. Note that no such varieties exist for d ≤ 7.
Corollary 3.5. Let (X,L) = (P(E),OP(E)(1)) be a 3-dimensional scroll over
Q. Let X be embedded by |L| in Pn, with degree d and sectional genus g as
in the table below. Then the Hilbert scheme of X ⊂ Pn has an irreducible
component, H, which is smooth at the point representing X and of dimension
as in the rightmost column of the table.
d g n c1(E) c2(E) Reference dimH
8 4 6 OQ(3, 3) 10 [22] Prop. 1.6 61
9 4 7 OQ(3, 3) 9 [15] Remark 7.5 72
10 4 8 OQ(3, 3) 8 [15] Remark 3.5 85
11 4 9 OQ(3, 3) 7 [6] Remark 4.2.4 100
Proof. We will show that for all the cases in the above table, the hypothesis
of Proposition 3.2 are satisfied. To verify hypothesis i) of Proposition 3.2
one proceeds exactly as in the first part of the proof of Corollary 3.3.
As c1(E) = OQ(3, 3), the splitting type of E on any line of both rulings
is, OP1(2)⊕OP1(1), and thus hypothesis ii) is satisfied.
By Proposition 3.2 there exists an irreducible component H of the Hilbert
scheme of X ⊂ Pn whose dimension can now be easily computed. 
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4. Hilbert scheme of 3-dimensional fibrations over P1 with low
fiber degree
In this section we deal with 3-folds that are fibrations over P1 with low
fiber degree. As in the case of scrolls over surfaces we will see that un-
der mild conditions these 3-folds are also unobstructed. The dimension of
the irreducible component of the Hilbert scheme to which they belong is
computed.
Further notation is introduced here below.
4.1. Notation. Let (X,L) be a 3-dimensional manifold which is either a
hyperquadric fibration or a Del Pezzo fibration of fiber degre 3 over P1, as
in Definiiton 2.1. Let X be embedded by |L| in Pn. Let F ∈ |ϕ∗(OP1(1))|
be a fiber of ϕ, then L2F = α = 2, 3, respectively. Note that E = ϕ∗(L)
is a rank 4 vector bundle over P1, E = OP1(a4) ⊕ · · · ⊕ OP1(a1). We can
arrange the ai so that a4 ≥ · · · ≥ a1. Then X is embedded in a P
3-bundle
P(E) over P1, ι : X → P(E) such that L = ι∗(H) where H = OP(E)(1) is the
tautological line bundle of E and X ∈ |αH + ρ∗OP1(b)|, for some integer b,
where ρ : P(E)→ P1 is the projection map. In what follows the notation is
as above.
Proposition 4.1. Let (X,L) be a 3-dimensional manifold which is either
a hyperquadric fibration or a Del Pezzo fibration over P1. Let E , α = 2, 3,
ai, i = 1, . . . , 4, b, H, ρ, ι, and ϕ be as in 4.1. Let d be the degree of X and
let g be its sectional genus. If
i) H1(X,L) = 0,
ii) −αa1 − 1 ≤ b,
then the Hilbert scheme of X has an irreducible component, H, which is
smooth at the point representing X and
(25) dimH =
{
d(n− 4) + g(14 − n) + 8 + 3n, if α = 2;
2d
3 (n− 14) +
g
3 (44− n) +
10
3 (10 + n), if α = 3.
Proof. Let N denote the normal bundle of X in Pn. In order to use Propo-
sition 2.4 we need to show that H1(X,N) = 0. Noticing that, if α = 2, 3,
Riρ∗((1−α)H) = 0, i ≥ 0, the structure sequence of X in P(E) tensored with
H gives H i(P(E),H) = H i(X,L), i ≥ 0. On the other hand H i(P(E),H) =
H i(P1, E) = 0, for i ≥ 2, and thus, recalling that H1(X,L) = 0 by assump-
tion, H i(X,L) = 0, i ≥ 1.
Reasoning as in the proof of Proposition 3.1 we get that
hi(X,N) = hi+1(X,TX ) for i ≥ 1.(26)
Hence H3(X,N) = 0 for dimension reasons. As X ⊂ P(E) and X ∈ |αH +
ρ∗OP1(b)|, we have the following exact sequences:
0 −→ OP(E)(−X) −→ OP(E) −→ OX −→ 0,(27)
0 −→ TX −→ TP(E)|X −→ (αH + ρ
∗OP1(b))|X −→ 0.(28)
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Note that (αH + ρ∗OP1(b))|X = αL + ϕ
∗OP1(b)) = αL + bF, where F ∈
|ϕ∗OP1(1)| is a fiber of ϕ.
To computeH2(X,TX ) is enough to computeH
i(X,αL+bF ) andH i(X,TP(E)|X).
Tensoring sequence (27) with αH + ρ∗OP1(b) we get
0 −→ OP(E) −→ αH + ρ
∗OP1(b) −→ αL+ ϕ
∗OP1(b) −→ 0.(29)
As
H i(P(E),OP(E)) = h
i(P1,OP1) = 0 for i ≥ 1
it follows that
H i(X,αL + ϕ∗OP1(b)) = H
i(P(E), αH + ρ∗OP1(b)) for i ≥ 1.
By Leray’s spectral sequence
H i(P(E), αH + ρ∗OP1(b)) = H
i(P1, Sα(E)⊗OP1(b)),
hence
H i(X,αL+ ϕ∗OP1(b)) = H
i(P1, Sα(E)⊗OP1(b)) = 0 for i ≥ 2.
Because the ai
′s are sorted in increasing order, the smallest degree of the
line bundles of the decomposition of Sα(E) ⊗ OP1(b) is αa1 + b. From our
assumption −αa1 − 1 ≤ b it follows
H1(X,αL + ϕ∗OP1(b)) = H
1(P1, Sα(E)⊗OP1(b)) = 0.
Tensoring sequence (27) with TP(E) we get
0→ TP(E)(−αH + ρ
∗OP1(−b))→ TP(E) → TP(E)|X → 0.(30)
From sequence (28) it follows that H i(X,TX ) = H
i(TP(E)|X), i ≥ 2. Vanish-
ing of these cohomology groups will follow fromH i+1(TP(E)(−αH+ρ
∗OP1(−b)) =
0, H i(TP(E)) = 0, i ≥ 2, and (30).
In order to compute such cohomology groups we consider the following
exact sequences associated to ρ : P(E)→ P1 :
0→ TP(E)|P1 → TP(E) → ρ
∗TP1 → 0,(31)
0→ OP(E) → ρ
∗E∗ ⊗OP(E)(1)→ TP(E)|P1 → 0.(32)
Tensoring sequences (31) and (32) with −αH + ρ∗OP1(−b) we get, respec-
tively,
0→ TP(E)|P1(−αH + ρ
∗OP1(−b))→(33)
TP(E)(−αH + ρ
∗OP1(−b))→ −αH + ρ
∗OP1(2− b)→ 0,
0→ −αH + ρ∗OP1(−b)→ ρ
∗(E∗(−b))⊗OP(E)(1− α)→(34)
TP(E)|P1(−αH + ρ
∗OP1(−b))→ 0.
Taking direct images of (33) via ρ, and noticing that, if α = 2, 3, it is
Riρ∗(−αH + ρ
∗OP1(−b)) = 0, for i ≥ 0,
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it follows that
Riρ∗(TP(E)|P1(−αH+ρ
∗OP1(−b))) = R
iρ∗(TP(E)(−αH+ρ
∗OP1(−b))), for i ≥ 0.
Similarly, taking direct images via ρ of sequence (34) and noticing that
Riρ∗(−αH + ρ
∗OP1(−b)) = R
iρ∗(ρ
∗(E∗(−b))⊗OP(E)(−2)) = 0, for i ≥ 0,
it follows that
Riρ∗(TP(E)|P1(−αH + ρ
∗OP1(−b))) = 0, for i ≥ 0.
Hence H i(P(E), TP(E)|P1(−αH + ρ
∗OP1(−b)) = H
i(P1, ρ∗(TP(E)|P1(−αH +
ρ∗OP1(−b))) = 0, for all i ≥ 0.
We now turn our attention to H i(P(E), TP(E)).
First notice that H i(P(E), ρ∗OP1(2))) = H
i(P1,OP1(2)) = 0, for i ≥ 1.
Taking direct images via ρ of sequence (32) and noticing that
Riρ∗(OP(E)) = R
iρ∗(ρ
∗E∗ ⊗OP(E)(1)) = 0, for i ≥ 1,
it follows that
0→ OP1 → E
∗ ⊗ E → ρ∗(TP(E)|P1)→ 0(35)
and
Riρ∗(TP(E)|P1) = 0, for i ≥ 1.
Thus by Leray’s spectral sequenceH i(P(E), TP(E)|P1) = H
i(P1, ρ∗(TP(E)|P1))
for i ≥ 0. Moreover, as H i(P1,OP1) = 0 for i ≥ 1 and H
i(P1, E∗ ⊗ E) = 0
for i ≥ 2, it follows that H i(P1, ρ∗(TP(E)|P1)) = 0, for i ≥ 2. Using the coho-
mology sequence associated to (31) we get that H i(P(E), TP(E)) = 0, i ≥ 2.
Hence H i(X,TX ) = 0, i ≥ 2, and thus by (26) we get H
1(X,N) = 0, i ≥ 1.
The dimension of H, by ((2.4), (iv)), is now obtained via Hirzebruch-
Riemann-Roch, as in the proof of Proposition 3.1.
One can compute easily the numerical invariants of X and get:
KL2 = 2g − 2− 2d;
K2L = αd(4 − α) + 4g(α − 4)− 4α+ 16;
c2L = αd(2 − α) + 2g(2α − 3) + 2α
2 − 2α+ 6;
−Kc2 = 24;
K3 = 2d(16 − 24α + 9α2 − α3) + 6g(16 − 8α+ α2)− 6α2 + 48α − 96;
c3 = 2d(α
3 − 3α2 + 3α− 1)− 6g(α2 − 2α+ 1)− 4α3 + 10α2 − 6α+ 6.
Thus
h0(N) = χ(N) =
d
6
(−α3 + 5α2 + 4n − nα2 + 3nα+ 40− 38α) +
g
6
(94− 14n − 11α + 3α2 + 4nα) +
1
6
(38α + α3 + 20n+ 19α2 + nα2 − 3nα− 112).
14 GIAN MARIO BESANA AND MARIA LUCIA FANIA

As a Corollary to Proposition 4.1 we show that all the known 3-folds
which are either a hyperquadric fibration or a Del Pezzo fibration over P1 of
degree 7 ≤ d ≤ 12 are unobstructed and we compute the dimension of the
irreducible component of the Hilbert scheme to which they belong. Note
that no such varieties exist for d ≤ 6.
Corollary 4.2. Let (X,L) be as in 4.1, with α = 2, i.e. a hyperquadric
fibration over P1. Let X be embedded by |L| in Pn and let the numerical
invariants of X ⊂ Pn be as in the table below. Then the Hilbert scheme of X
has an irreducible component, H, which is smooth at the point representing
X and of dimension as in the rightmost column of the table.
Case d g n b Reference dimH
1 7 3 6 1 [20] Theorem 4.3 and §8 64
2 8 3 7 0 [20] Theorem 4.3 74
3 9 3 8 −1 [14] Theorem 3.3 86
4 9 4 7 1 [14] Theorem 3.3 84
5 10 3 9 −2 [15] Prop. 3.4 100
6 10 4 8 0 [15] Prop. 3.4 96
7 10 5 7 2 [15] Prop. 7.1 94
8 11 3 10 −3 [6] Prop. 4.2.2 116
9 11 4 9 −1 [6] Prop. 4.2.3, Remark 4.2.5 110
10 11 5 8 1 [6] Prop. 5.2.1 106
11 11 6 7 3 [6] Prop. 5.2.1 104
Proof. We will show that the hypothesis of Proposition 4.1 are satisfied for
all cases in the above table . The structure sequences of a general surface
section S and curve section C tensored with L and L|S respectively, give
(36) h0(L)− h1(L) = 2 + χ(OS) + d− g.
On the other hand, h0(L) = n+ 1 and thus
(37) h1(L) = n− 1− χ(OS)− d+ g.
Noticing that χ(OS) = 1, being S a conic bundle over P
1, a simple check
gives h1(L) = 0 for all cases in the above table.
As in the proof of [17], Lemma 3.19, in all cases above, but 7 and 11, as
b ≤ 1, it follows that a1 ≥ 0. A simple numerical check, independent of the
value of a1 ≥ 0 shows that hypothesis ii) in Proposition 4.1 is verified in
cases 1 through 4, 6, 9 and 10.
In cases 5 and 8, [13] Theorem 2.0 gives a1 = 1 and thus hypothesis ii) in
Proposition 4.1 is satisfied.
Because H1(P1, E) = H1(X,L) = 0, it follows that a1 ≥ −1. Therefore
hypothesis ii) in Proposition 4.1 is verified in cases 7 and 11.
By Proposition 4.1 there exists an irreducible component H of the Hilbert
scheme of X ⊂ Pn whose dimension can now be easily computed. 
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Corollary 4.3. Let (X,L) be as in 4.1, with α = 3, i.e. a Del Pezzo
fibration over P1 with fiber degree 3. Let X be embedded by |L| in Pn and let
the numerical invariants of X ⊂ Pn be as in the table below, where S ∈ |L|
is a general surface section. Then the Hilbert scheme of X ⊂ Pn has an
irreducible component, H, which is smooth at the point representing X and
of dimension as in the rightmost column of the table.
d g n pg(S) b Reference dimH
9 7 6 2 0 [14] Prop. 2.5, 94
10 9 6 3 1 [15] Theorem 4.2, 114
11 8 7 2 −1 [6] Remark 5.4.7 104
Proof. We will show that the hypothesis of Proposition 4.1 are satisfied for
all cases in the above table.
Noticing that formula (37) holds true in these cases and that q(S) = 0, a
simple check gives h1(L) = 0.
As in the proof of [17], Lemma 3.19, because in all cases above it is b ≤ 2,
it follows that a1 ≥ 0. A simple numerical check now shows that hypothesis
ii) in Proposition 4.1 is verified in all the cases of the above table.
By Proposition 4.1 there exists an irreducible component H of the Hilbert
scheme of X ⊂ Pn whose dimension can now be easily computed. 
5. Good determinantal varieties
In [23] results are obtained on the unobstructedness of good determinantal
subschemes, as an application of the authors’ remarkable G-liaison theory.
In particular, all good determinantal subschemes of codimension 3 were
shown to be unobstructed and the dimension of their locus inside the Hilbert
scheme was computed. Some of the varieties considered in previous sections
of this work have explicit constructions, available in the literature, which
easily show that they are examples of good determinantal schemes. This
section addresses the relationship between our work and [23].
For the convenience of the reader we begin the section by recalling the
definition of good determinantal subscheme and the basic notation utilized
in [23].
Definition 5.1 (cf.Definition 3.1 in [23]). Let A be a homogenous matrix, i.e
A = [fi,j] where fi,j ∈ C[x0, . . . xn+c] is a homogeneous polynomial of degree
dij. Let I(A) denote the ideal of maximal minors of A. A codimension c
scheme, X, in Pn+c will be called standard determinantal scheme if IX =
I(A) for some homogeneous t × (t + c − 1) matrix, A. X will be called a
good determinantal scheme if additionally, A contains a (t− 1)× (t+ c− 1)
submatrix (allowing a change of basis if necessary) whose ideal of maximal
minors defines a subscheme of codimension c + 1. If u : F → E is a
vector bundle homomorphism, over Pn+c, we define I(u) = I(A) for any
homogeneous matrix representing u.
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Note that the matrix A defines a morphism of locally free sheaves
u : ⊕ti=1OPn+c(bi)→ ⊕
t+c−2
j=0 OPn+c(aj)
where dij = aj − bi, b1 ≥ · · · ≥ bt and a0 ≥ · · · ≥ at+c−2.
The locus of good determinantal subschemes X in Pn+c of codimension c
defined by a matrix A as above, following [23], is denoted by W (b, a), where
W (b, a) stands for W (b1, . . . , bt; a0, . . . , at+c−2), W (b, a) ⊂ Hilb
p(t)(Pn+c),
where p(t) is the Hilbert polynomial of X.
The following examples are explicit constructions of some of the varieties
which appear in the Table in Corollaries 3.3, 4.3 and 4.2, respectively.
Example 5.2. Let F = O⊕3
P6
and E = OP6(1)
⊕5 be vector bundles on P6
and let u : O⊕3
P6
→ OP6(1)
⊕5 be a generic vector bundle homomorphism. Let
I(u) = I(A), where A is a homogeneous matrix representing u and where
I(A) denotes the ideal of maximal minors of A. Let X1 be the determinantal
variety whose ideal IX1 = I(u). It can be easily seen that any such X1 is
a smooth threefold in P6 with degX1 = 10, g(X1) = 6, Hilbert polynomial
p1(t) =
5
3 t
3 + 4t2 + 103 t+ 1 and that it has the structure of a scroll over P
2,
see ([15], Prop. 5.2). It appears in row 4 of the Table in Corollary 3.3.
It is straightforward from Definition 5.1 to see that this variety is a good
determinantal subscheme of P6.
Example 5.3. Let E2 = OP6(1)
⊕3⊕OP6(3), E3 = OP6(1)
⊕3⊕OP6(2) and
F = O⊕2
P6
be vector bundles over P6. Let ui : F → Ei, for i = 2, 3, be generic
vector bundle homomorphisms and let Xi be the determinantal varieties
whose ideals IXi = I(ui). It can be easily seen that degX2 = 10 and
g(X2) = 9 while degX3 = 7 and g(X3) = 3.
Any such X2 is a smooth threefold, known to be a Del Pezzo fibration
of fiber degree 3 over P1, see ([15], Remark 4.3), with Hilbert polynomial
p2(t) =
5
3 t
3 + t2 + 103 t+ 1. It appears in row 2 of the Table in Corollary 4.3.
Any such X3 is a smooth threefold, known to be a quadric fibration over
P
1, with Hilbert polynomial p3(t) =
7
6t
3 + 52t
2 + 73 t + 1. It appears in the
first row of the Table in Corollary 4.2.
In both cases it is straightforward from Definition 5.1 to see that these
varieties are good determinantal subschemes of P6.
Proposition 5.4. Let X ⊂ P6 be a threefold of degree d, genus g, with
Hilbert polynomial p(t), as in one of the cases in the following table
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d g p(t) Geometric Structure Reference
7 3 76 t
3 + 52t
2 + 73t+ 1 Hyperquadric fibration Corollary 4.2,
over P1 [20] Theorem 4.3 and §8
10 6 53t
3 + 4t2 + 103 t+ 1 Scroll over P
2 Corollary 3.3,
[15] Remark 5.3,
10 9 53 t
3 + t2 + 103 t+ 1 DelPezzo fibration Corollary 4.3,
over P1 of fiber degree 3 [15] Theorem 4.2
Then:
i) Hilbp(t)(P6) has an irreducible component H of dimension ,respec-
tively, dimH = 64, 72, 114 and X corresponds to a smooth point of
H;
ii) There exists an open subset U ∈ H whose points correspond to good
determinantal subschemes given by morphisms of vector bundles
u : ⊕ti=1OP6(bi)→ ⊕
t+1
j=0OP6(aj)
with b1 ≥ · · · ≥ bt and a0 ≥ · · · ≥ at+1;
iii) Let W (b, a) ⊂ Hilbp(t)(P6) be the locus of good determinantal sub-
schemes where a = {a0, . . . , at+1} and b = {b0, . . . , bt} are as in ii).
Then H is the closure of W (b, a) in Hilbp(t)(P6)
Proof. Statement i) follows from Corollaries 3.3, 4.2 and 4.3. Statement ii)
follows from Examples 5.2 and 5.3. Let Xi, i = 1, 2, 3 be as in Examples 5.2
and 5.3. One can easily check that all of these varieties satisfy the hypotheses
of [23, Corollary 10.15] and thus they are unobstructed. Let Wi denote the
locus of good determinantal subschemes with Hilbert polynomial pi(t) to
which the Xi belong. The same corollary gives, respectively, dimWi =
72, 64, 114 for i = 1, 2, 3.
Hence H and the locus Wi of good determinantal subschemes in P
6 have
the same dimension. As each Xi is a smooth point of H, it must be H =W ,
where W denotes the closure of W in Hilbp(t)(P6). Note that this is not
true in general, see [23, Example 10.5 (4)].

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